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We study the impact on the galaxy correlation function of the presence of a vector component
in the tracers’ peculiar velocities, in the case in which statistical isotropy is violated. We present a
general framework – based on the bipolar spherical harmonics expansion – to study this effect in a
model independent way, without any hypothesis on the origin or the properties of these vector modes.
We construct six new observables, that can be directly measured in galaxy catalogs in addition to the
standard monopole, quadrupole and hexadecapole, and we show that they completely describe any
deviations from isotropy. We then perform a Fisher analysis in order to quantify the constraining
power of future galaxy surveys. As an example, we show that the SKA2 would be able to detect
anisotropic rotational velocities with amplitudes as low as 1% of that of the vorticity generated
during shell-crossing in standard dark matter scenarios.
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I. INTRODUCTION
Mechanisms such as topological defects [1–3], magnetic
fields [4], inflation with vector fields [5, 6], or vector-
field-based models of modified gravity [7–10], but also
the shell-crossing present in concordance cosmology, can
generate vector perturbations throughout the history of
the Universe and on a wide range of scales. It is impor-
tant to properly characterize the signature of these vec-
tor degrees of freedom on the observables of large scale
galaxy surveys. The reason for this is twofold. On the
one hand, the presence of such vector perturbations – if
not properly taken into account – will ‘pollute’ (i.e. bias)
the measurement of the scalar degrees of freedom and act
as a source of systematic error. On the other hand vector
degrees of freedom can leave their imprint on observables
which, in turn, can be used to constrain their properties
and to study the mechanism that generated them.
Various approaches exist in the literature with the aim
of constraining vector-type deviations of the metric and
they have mostly focused on the Cosmic Microwave Back-
ground (CMB). They can be grouped into three cate-
gories: (i) introducing dynamical vector degrees of free-
dom in the early universe while maintaining isotropy and
homogeneity at the background level. Then, one can ei-
ther maintain statistical isotropy and homogeneity of the
perturbations or allow for statistically anisotropic pertur-
bations [11, 12]. Alternatively (ii), one can deform the
isotropy of the cosmological background and therefore
constrain its anisotropy, while keeping the matter content
standard, making sure that this anisotropy decays with
time [13]. Finally (iii), one can introduce an anisotropy
directly in the primordial power spectrum (through some
interactions in the early universe, e.g. [14, 15]). One
then tries to look for ‘anomalies’ in the CMB, such as
in, for example, [16]. Signatures of this primordial signal
in galaxy surveys have been analyzed in [17–20].
Additionally, late time non-linear evolution, as simu-
lated in N-body codes, is found to generate vector per-
turbations of both the metric [21, 22] and the fluid vor-
ticity [23, 24]. It is interesting to develop statistical tools
to measure these vector modes, which are present also
in standard ΛCDM cosmology, and to distinguish them,
e.g. from an intrinsic, global anisotropy.
In [25] some of us considered the impact of statis-
tically isotropic vector modes in the peculiar velocity
field of galaxies and in particular on the redshift-space
distortion (RSD) observed in galaxy surveys. We have
found that vector contributions to RSD enter in the
monopole, quadrupole and hexadecapole of the galaxy
correlation function. While the impact of vector pertur-
bations from topological defects is very small, those from
non-linear clustering affect especially the hexadecapole
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2quite strongly, contributing up to 20% of the total sig-
nal on scales smaller than 5h−1Mpc. This additional
contribution should in principle be detectable with next
generation surveys, such as Euclid or the SKA.
In this paper we consider a vector component of the
peculiar velocities, which violates statistical isotropy, and
study its impact on the galaxy correlation function. This
is a natural generalization of the study in [25]. We
present a general framework suitable specifically to study
this effect, with no assumptions on the origin or proper-
ties of these vector modes. We show that the anisotropic
signal can be completely characterised by six new observ-
ables, that can be directly extracted from galaxy cat-
alogs. General results regarding the Fisher analysis of
these types of models are also discussed. We investigate
the detectability of these contributions, for a specific ex-
ample, with planned or futuristic galaxy surveys.
This paper can be considered as a contribution to test-
ing the cosmological principle. In particular we want
to develop tests of statistical isotropy using large-scale
structure (LSS) observations. While it is clear that our
Universe is not strongly anisotropic, a small anisotropy
is still compatible with, if not favoured by the analysis of
CMB anisotropies and polarisation [16]. This might be
due to e.g. a small global magnetic field or some slight
anisotropy which remained after inflation. In this work
we do not make assumptions on the model responsible for
the global anisotropy in the vector sector but we want to
investigate its observational consequences. We study the
situation where scalar perturbations are still statistically
isotropic but vector perturbations are not. It will be in-
teresting not only to study whether LSS also favours a
slight anisotropy of the Universe but whether the charac-
teristics of any such anisotropy are in agreement with the
one of the CMB. Furthermore, LSS observations allow for
a tomographic approach, i.e. we can observe many differ-
ent redshifts, making it easier to overcome limitations
from cosmic variance.
The paper is structured as follows: In section II we
detail the general anisotropic structure of vector pertur-
bations. In III we study the effects of a vector component
in the velocity field on the two-point function and present
a suitable decomposition to describe it. Finally, in sec-
tion IV, we forecast the constraints on the anisotropic
parameters for upcoming clustering surveys.
II. VECTOR CONTRIBUTION TO GALAXY
VELOCITIES
In this work we assume that our Universe shows signs
of a violation of statistical isotropy, manifesting itself by
the presence of vector modes in the peculiar velocity of
tracers. We investigate how galaxy catalogs can be used,
independently from other probes, to constrain the ampli-
tude of these anisotropies. We therefore model our Uni-
verse as a perturbed Friedman-Lemaître universe, with a
metric given by
ds2 = a2
[
− (1 + 2Ψ)dτ2 − Σidτdxi (1)
+ (1− 2Φ)dxidxi
]
.
Here Φ and Ψ are the standard Newtonian-gauge scalar
potentials, and Σi is a pure vector fluctuation, ∂iΣi = 0,
related to frame dragging1. We define H = a˙/a = aH to
be the conformal Hubble parameter.
The general velocity field for galaxies located at posi-
tion r at conformal time τ , vi(r, τ), can be decomposed
into a scalar (potential) part, v, and a pure vector part,
Ωi, with ∂iΩi = 0,
vi ≡ ∂iv + Ωi . (2)
The gauge-invariant relativistic vorticity [26] can be ob-
tained by lowering the index of Ωi with the perturbed
metric. The relativistic vorticity is often denoted Ωi (e.g.
in [26, 27]) and it is an additional rotational velocity over
and above the frame-dragging effect. In this paper we de-
note it by Ω˜i ≡ gijΩj/a = aδij(Ωj −Σj) for clarity2. We
mainly concentrate on Ωi as it is the velocity with an up-
per index that is relevant for us and we use the notation
Ωi = δijΩj ≡ Ωi.
We assume that galaxies move on time-like geodesics
of the metric, i.e. they obey the Euler equation. Then,
to first order in perturbation theory we can write, for
perfect fluids,
Ω˙i − Σ˙i +H(Ωi − Σi) = 0 , (3)
which is equivalent to ∂τ Ω˜i = 0. Hence vorticity is con-
served. This is not only true within linear perturbation
theory but also in full General Relativity as long as mat-
ter can be described as a perfect fluid [27]. The 0i com-
ponent of the energy momentum tensor of a perfect fluid
is given by
T i0 (V ) = [(ρ+ P )vi](V ) = T i0 − T i0 (S) . (4)
Taking the curl of this equation the scalar part vanishes
and we obtain
ijk(T j0 ),k = ijk[(ρ+ P )vj ],k
= (v ∧∇(ρ+ P ))i + (ρ+ P )(∇ ∧ v)i . (5)
Only the vector velocity Ωj contributes to the second
term, while the first term is non-vanishing when the gra-
dient of the density fluctuations in not parallel to the
1 We have fixed the gauge such that the 0i component of the met-
ric has no scalar contribution and the vector part of the ij com-
ponent vanishes. We also neglect gravitational waves (tensor
perturbations).
2 The difference between aΩj and Ω˜j is only relevant on large
scales.
3velocity. This also happens in perfect fluids at second or-
der in perturbation theory, see e.g. [22]. At second order
therefore, despite vorticity conservation, vector pertur-
bations of the metric are generated, which induce effects
like frame dragging. It has been shown recently [24] that
the vector potential found in relativistic numerical simu-
lations is actually mainly due to the first term of (5) and
not to vorticity which is also induced in N-body simula-
tions.
The perfect fluid description is just an approximation
when we want to describe the motion of dark matter (or
galaxies). In the real Universe, dark matter particles are
free-streaming, i.e. they move on geodesics. As soon as
shell crossing occurs, velocity dispersion can no longer be
neglected and vorticity is generated for the fluid of the
averaged dark matter particles (or galaxies). In [28], the
vorticity generation from large-scale structure was mod-
elled by including velocity dispersion using a perturbative
approach.
Clearly, even if in the standard ΛCDM model vector
perturbations are generated by non-linearities, they are
statistically isotropic. In this work we assume that the
vectorial part of the peculiar velocity in Eq. (2) acquires
an anisotropic component.
A. Tensor structure of vector perturbations
We summarise here the discussion we presented in sec-
tion 2.2 of [25].
In order to compute the two-point correlation func-
tion of galaxies (2PCF), we need a model for the two-
point auto-correlation of the vector velocity, 〈ΩiΩj〉 and
its cross-correlation with the dark matter overdensity
〈δmΩi〉. We will characterise their structure in Fourier
space, with our Fourier transform convention fixed by
f(k) =
∫
d3rf(r)e−ik.r . (6)
1. The auto-correlation of the vector field takes the
general form
〈Ωi(k)Ωj(k′)
〉
= (2pi)3δ(3)(k + k′)
× [Wij(k)PΩ(k) + iαij(k)PA(k)] , (7)
where PΩ(k) and PA(k) contain information about
the amplitude of the vector field. The Dirac delta
function appearing in the above equation, δ(3)(k+
k′), is a consequence of statistical homogeneity, and
if we assume that scalar spectra are isotropic, the
amplitudes, PΩ(k) and PA(k), depend on k only
through its absolute value k ≡ |k|. One might think
it would be more natural for an anisotropic spec-
trum to show an anisotropy also in PΩ(k). How-
ever, in a real observation, the power spectrum is
usually obtained by averaging the squared Fourier
modes over directions. Here we mimic this by con-
sidering PΩ and PA to be functions of the modulus
k only. In practice, these are the direction aver-
aged spectra. For scalar perturbations, this aver-
aging removes all signs of an anisotropy, for vector
perturbations this is, interestingly, not the case as
we show in this paper.
The tensors Wij and αij are, respectively, symmet-
ric and anti-symmetric tensors, that encode the de-
pendence on direction. Since Ωi is a pure vector
field, Wij and αij must satisfy kiWij = kjWij =
kiαij = kjαij = 0. The PA-term is parity odd
while the PΩ-term is parity even. If no parity vio-
lating processes occur in the Universe we may set
PA = 0. The tensorial form for αij is completely
fixed by anti-symmetry and transversality,
αij = αεijmkˆm . (8)
The most general form for Wij is then
Wij =
ω
2
(
δij − kˆikˆj
)
+ ωAij , (9)
where we have decomposed the tensor into its trace
ω and trace-free part
ωAij = ωij − ωilkˆlkˆj − ωlj kˆlkˆi
+ ωlmkˆlkˆmkˆikˆj , (10)
with ωii = 0. As usual kˆ denotes the unit vec-
tor in the direction of the vector k. The first
term of (9) respects statistical homogeneity and
isotropy, whereas the second one is non-zero only
when isotropy is violated. In what follows, we ab-
sorb the trace ω into the normalisation of the power
spectrum PΩ in Eq. (7). Note that in general the
isotropic and anisotropic contribution do not need
to have the same amplitude PΩ(k): in this sense
one can use ω(k) to parametrise the difference be-
tween P (iso)Ω and P
(ani)
Ω . Interestingly, the only pos-
sible parity odd term given in (8) is statistically
isotropic.
The symmetric tensor ωij can be diagonalised or,
equivalently, decomposed into a sum of the tensor
products of its orthonormal eigenvectors ωˆIi ,
ωij =
3∑
I=1
λI ωˆ
I
i ωˆ
I
j , (11)
where the eigenvalues satisfy
∑
I λ
I = 0.
2. The cross-correlation with dark matter can be non-
zero only if statistical isotropy is violated. Assum-
ing that the vector field is fluctuating in some fixed
direction ωˆ, the cross-correlation takes the form〈
δm(k)Ωi(k′)
〉
= (2pi)3WiPδΩ(k)δ(3)(k + k′) , (12)
where Wi is transverse since Ωi is a pure vector
field i.e. divergence free. A non-vanishing 〈δmΩi〉
always defines a preferred spatial direction ωˆi and
therefore violates statistical isotropy.
4III. CORRELATION FUNCTION
Galaxy number counts are observed in redshift-space,
rather than in real-space. The leading correction arising
from the fact that we observe on the light-cone is the
Kaiser term, or redshift-space distortion [29], which is
included in the number counts ∆ as
∆(r) = δg(r)− 1Hn
i∂i(njvj(r)) . (13)
Here δg is the tracer’s density perturbation, related to the
dark matter density perturbation via the bias expansion
δg ' b · δm + ..., and vi is the peculiar velocity field. We
have also defined the line-of-sight direction n as
n ≡ r
r
, (14)
i.e. the unit vector in the direction of the galaxy lying
at r, with the observer located at r = 0. Splitting the
velocity into the scalar and vector parts, as in Eq. (2),
we have
∆(r) = δg(r)− 1Hn
inj
(
∂i∂jv(r) + ∂iΩj(r)
)
. (15)
The effects of vector perturbations in the general rela-
tivistic number counts were derived in [30] and studied
in detail in [31], where it was found that – akin to scalar
perturbations – redshift-space distortion is the dominant
effect. Since in the relativistic angular power spectra,
C`(z1, z2), the RSD cannot easily be extracted, we study
here the impact of the vector modes on the two-point
correlation function of galaxies. In this study we ne-
glect both the sub-dominant vector relativistic correc-
tions from [31] and the scalar relativistic corrections de-
rived in [32–36].
The two-point correlation function is defined as
ξ(r1, r2, z1, z2) = 〈∆(r1, z1)∆(r2, z2)〉 . (16)
Without redshift-space distortion, and neglecting sub-
dominant evolution effects, the correlation function de-
pends only on the galaxies’ separation
x ≡ |r1 − r2| , (17)
and on the mean distance of the pair from the ob-
server r¯ = 12 (r1 + r2) or, equivalently, its mean redshift
z¯ = 12 (z1 + z2). Redshift-space distortion introduces an
additional dependence on the orientation of the pair with
respect to the line-of-sight n (we work in the small angle
or flat-sky limit where we neglect the difference between
the line-of-sight to r1 and r2). It is customary to ex-
pand ξ in a basis of Legendre polynomials so that, in the
flat-sky approximation, n1 = n2 = n we can write
ξ(z¯,x,n) =
∑
`
ξ`(z¯, x)P`(µ) , (18)
where P` is the Legendre polynomial of degree ` and µ =
n · xˆ, with xˆ being the direction of the vector connecting
the two galaxies.
Let us now review the standard flat-sky expression for
the correlation function in the presence of scalar pertur-
bations (see e.g. [37] for details). We will use this result
both for comparison with the vector case and to compute
our covariance matrix in section IV. Including the Kaiser
term we write
ξiso(s)(z¯, x, µ) = c0(z¯)C0(z¯, x)− c2(z¯)C2(z¯, x)P2(µ)
+ c4(z¯)C4(z¯, x)P4(µ) . (19)
We can identify the multipole coefficients in Eq. (18) as
ξ`(x, z¯) = i`c`(z¯)C`(z¯, x) . (20)
We have also defined
C`(z¯, x) =
∫ dk
2pi2 k
2P (z¯, k)j`(kx) , (21)
together with the coefficients:
c0 = b2 +
2
3bf +
f2
5 , (22)
c2 =
4
3bf +
4
7f
2 , (23)
c4 =
8
35f
2 . (24)
Here jn is the n-order spherical Bessel function, f is the
growth rate, f ≡ d lnD1/d ln a (with D1 being the lin-
ear growth function), and P (z¯, k) is the matter power
spectrum at redshift z¯. We have made the standard as-
sumption that the galaxy bias b is deterministic and, like
the growth rate f in ΛCDM, it is scale independent.
We now turn to the study of the vector component. We
split the vector contribution to the correlation function
into a statistically isotropic and anisotropic part
ξ(v) = ξiso(v) + ξani(v) , (25)
where we have emphasized that the source of violation
of statical isotropy comes from the vector sector. First,
we summarise the structure of the isotropic contributions
to the correlation function coming from vector perturba-
tions and we then propose a general framework to com-
pute the anisotropic part.
The new vector contribution to the correlation function
in Eq. (25) comprises three terms:
1. Cross-correlation with the density
2. Cross-correlation with the scalar velocity
3. Auto-correlation.
The first two vanish in flat sky since they are odd un-
der n → −n and ξ is evidently even, see [25]. Hence
combining Eqs. (15) and (16) we write
ξ(v)(x) =
1
H(z1)H(z2)
∫ d3k
(2pi)3 k
2(n1 · kˆ)(n2 · kˆ) (26)
× ni1Wij(kˆ)nj2PΩ(k)eik·x .
5This object has a complicated tensor structure, which
characterises the anisotropy of the vector field. However,
when isotropy is assumed we simply write Wij = δij −
kˆikˆj , so that, see [25],
ξiso(v) =
1
H2
∫ d3k
(2pi)3 k
2(n · kˆ)2(1 + (n · kˆ)2) (27)
× PΩ(k)eik·x .
Rewriting the n · kˆ contributions in terms of Legendre
polynomials and integrating over the direction of k, we
obtain for the isotropic contribution [25]
ξiso(v)(z¯, x, µ) =
2
15P0(µ)C
Ω
0 (x) (28)
− 221P2(µ)C
Ω
2 (x)−
8
35P4(µ)C
Ω
4 (x) ,
with
CΩn (x) =
1
2pi2
1
H2
∫
dk k4PΩ(k)jn(kx) . (29)
Notice here the extra k2 factor multiplying PΩ, which
is absorbed in the scalar case when the velocity power
spectrum is re-expressed in terms of the density power
spectrum.
Statistically isotropic vector perturbations modify the
shape of the multipoles coefficients in the Legendre ex-
pansion of ξ. One can estimate this effect and study
its detectability. This was the strategy followed in [25].
In the anisotropic case however, the standard multipole
expansion fails to capture the additional angular depen-
dence encoded in Wij . In the next section we therefore
consider the decomposition of this dependence into bipo-
lar spherical harmonics (BipoSH) [38].
A. Statistically anisotropic contribution
When statistical isotropy is violated, the correlation
function is no longer only a function of µ = n · xˆ. There-
fore, the standard expansion in Legendre polynomials
does not properly describe the angular dependence of
ξ. The correlation function can however be expanded in
terms of the orthonormal set of bipolar spherical harmon-
ics (BipoSH). Since this approach captures an arbitrary
angular dependence of the observable under considera-
tion, it has been used in cosmology to analyse CMB [39–
44] and LSS [15, 19, 20, 45–50] data.
In the small angle approximation the correlation func-
tion depends on two directions ξ(n,x), we hence expand
ξ(x,n, z¯) =
∑
``′ JM
ξJM``′ (x, z¯)XJM``′ (xˆ,n) , (30)
with
XJM``′ (xˆ,n) = {Y`(xˆ)⊗ Y`′(n)}JM
=
∑
mm′
CJM`m`′m′Y`m(xˆ)Y`′m′(n) , (31)
where CJM`m`′m′ are the Clebsch Gordan coefficients which
are related to the Wigner 3j symbols by, see [51],
CJM`m`′m′ = (−)`−`
′+M√2J + 1
(
` `′ J
m m′ −M
)
. (32)
In other words, XJM``′ (xˆ,n) isolates the total angular mo-
mentum J and helicityM contribution. The useful prop-
erty of the BipoSH XJM``′ is that they filter the isotropic
signal into the J = 0 mode and any non-zero coefficient
with J > 0 indicates anisotropy. In fact, if there is no
anisotropic signal in the power spectrum, i.e. if ξ depends
on n only via µ = xˆ · n, we can compute the coefficients
via
ξJM``′ =
∫
dΩn
∫
dΩx ξ(x,n, z¯)XJM∗``′ , (33)
and we simply obtain
ξJM``′ (x, z¯) =
4pi√
2`+ 1
ξ`(x, z¯)δJ,0δM,0δ`,`′ , (34)
recovering the expansion of Eq. (18). In particular, we
see that no off-diagonal component is generated (we have
` = `′) and that all the isotropic signal is contained in
the J = 0 coefficient. On the other hand if anisotropy
is included we will generate J ≥ 1 and ` 6= `′ modes.
Therefore, to search for anisotropy we only look at the
J ≥ 1 modes, and we set ξ = ξani(v) in the expansion of
Eq. (30).
We focus on the computation of the statistically
anisotropic contribution to the galaxy correlation func-
tion (16). To this end, it is useful to compute the
anisotropic contribution to the power spectrum of (13)
and then Fourier transform it. Explicitly, the Fourier
transformation of galaxy number counts in the Kaiser
approximation, Eq. (13), is given by
〈∆˜(k,n, z¯)∆˜(k′,n, z¯)〉 = (2pi)3P (k,n, z¯) δ(k+k′) , (35)
where the power spectrum is given by (omitting the de-
pendence on n, z¯)
P (k) = P iso(s) + P iso(v) + P ani(v)
=
(
b+ f(n · kˆ)2)2Pδδ(k)
− k
2
H2ω(n · kˆ)
2(1− (n · kˆ)2)PΩ(k)
− k
2
H2 (n · kˆ)
2nˆinˆjωAijPΩ(k) ,
(36)
where all the isotropic contribution is in the first two lines
and the anisotropic one, P ani(v) , is in the last line.The ten-
sor ωAij is defined in Eq. (10). The isotropic contribution
depends on directions only through the angle between
the mode k and the line-of-sight, i.e. it can be expanded
in a basis of Legendre polynomials as
P iso(k,n, z¯) =
∑
`
p`(k, z¯)P`(n · kˆ) . (37)
6We observe that this is not a specific property of redshift-
space distortions but simply a consequence of statistical
isotropy. Hence Eq. (37) holds for all the relativistic con-
tributions to the galaxy number counts.
When statistical isotropy is violated, we expand the
power spectrum in terms of the orthonormal set of bipo-
lar spherical harmonics, as
P ani(v) (k,n, z¯) =
∑
``′ JM
piJM``′ (z¯, k)XJM``′ (kˆ,n) , (38)
where
XJM``′ (kˆ,n) =
∑
mm′
CJM`m`′m′Y`m(kˆ)Y`′m′(n) . (39)
In the case where there is not anisotropic signal in the
power spectrum, the coefficients piJM``′ simply reduce to
piJM``′ =
4pi√
2`+ 1
p`(k)δJ,0δM,0δ`,`′ , (40)
and we recover the expansion of Eq. (37).
For convenience, we can split the anisotropic contribu-
tion to the power spectrum (36) in three contributions
P ani(v) (k) = −
k2
H2 (n · kˆ)
2nˆinˆjωAijPΩ(k)
= P (a)(k) + P (b)(k) + P (c)(k)
(41)
where we have separated the three cases:
(a) ωAij = ωij ,
(b) ωAij = −ωilkˆlkˆj − ωlj kˆlkˆi ,
(c) ωAij = ωlmkˆlkˆmkˆikˆj ,
so that
P ani(v) (k,n, z¯)
=
∑
``′ JM
(
pi
JM(a)
``′ + pi
JM(b)
``′ + pi
JM(c)
``′
)
XJM``′ (kˆ,n) . (42)
Note that this splitting has no direct physical interpre-
tation: each contribution has a scalar component which
however disappears in the sum of Eq. (42). These contri-
butions can be written in terms of the eigenvectors and
eigenvalues ωˆI and λI . After a long but straightforward
computation we find
pi
JM(a)
``′ = −
16pi3/2
45
k2
H2PΩ(k)
∑
I
λIY
∗
2M (ωˆI)
(
δ`,0δ`′,2 + 2
√
2`′ + 1
5
(
2 2 `′
0 0 0
)
δ`,2
)
δJ,2 , (43)
pi
JM(b)
``′ =−
16pi3/2
5
k2
H2PΩ(k)
√
(2`+ 1)(2`′ + 1)
√
2
15
∑
I
λIY
∗
2M (ωˆI)
×
[
2
(
3 1 `
0 0 0
)(
3 1 `′
0 0 0
){
1 2 1
` 3 `′
}
+ 3
(
1 1 `
0 0 0
)(
1 1 `′
0 0 0
){
1 2 1
` 1 `′
}]
δJ,2 ,
(44)
pi
JM(c)
``′ =−
16pi3/2
15
k2
H2PΩ(k)
∑
I
λIY
∗
2M (ωˆI)
[
1
5δ`,2δ`
′,0 +
8
105
√
2`+ 1
(
4 2 `
0 0 0
)
δ`′,4
+ 4
7
√
5
√
2`+ 1
(
2 2 `
0 0 0
)
δ`′,2
]
δJ,2 ,
(45)
where curly brackets {} denote the Wigner 6j-symbols,
see e.g. [52]. We first note that vector anisotropies can
only generate J = 2 modes. This is not surprising as they
are the product of two j = 1 states which can give either
J = 0 which is isotropic or J = 2. The triangular relation
imposed by the 3j and 6j symbols determines the limits
of the sum in the expansion in Eq. (42). It is easy to see
that both ` and `′ have to be even and, more precisely,
in {0, 2, 4, 6}. We can now reconstruct the correlation
function (16) from the power spectrum. This is similar
to the isotropic case in which the Fourier- and real-space
coefficients in the Legendre expansion are related by
ξ`(x) = i`
∫
k2dk
2pi2 j`(kx)p`(k) . (46)
Explicitly, the coefficients of the BipoSH expansion of the
correlation function, Eq. (30), are related to the ones of
7the power spectrum, Eq. (38) by
ξJM``′ (x) = i`
∫
k2dk
2pi2 j`(kx)pi
JM
``′ (k) . (47)
With this we can rewrite the real-space version of
Eqs. (43)-(45) in terms of the CΩn , which we defer to
an appendix: Eqs. (C1)-(C3). The sum of the three con-
tributions can be cast in matrix form as (remember all
terms with J 6= 2 vanish)
(
ξ2M``′
)
= 16pi
3/2
5
∑
I
λIY
∗
2M (ωˆI)

0 0 135CΩ0 0 0 0 0
0 0 0 0 0 0 0
1
25C
Ω
2 0 − 15
√
2
35C
Ω
2 0 2225
√
2
7C
Ω
2 0 0
0 0 0 0 0 0 0
0 0 0 0 − 49√385CΩ4 0 0
0 0 0 0 0 0 0
0 0 0 0 − 863√55CΩ6 0 0

, (48)
where CΩ` = CΩ` (z, x). Equation (48) is one of the main
results of this paper. It shows in complete generality
that any anisotropic signal induced by redshift-space dis-
tortion in the galaxy correlation function is encoded in
the functions ξ2M``′ (which depend in principle on red-
shift and on galaxy separation). The six non-zero co-
efficients ξ = {ξ2M02 , ξ2M20 , ξ2M22 , ξ2M24 , ξ2M44 , ξ2M64 } are there-
fore the equivalent of the monopole, quadrupole and hex-
adecapole that are measured in standard redshift sur-
veys, when anisotropies are assumed to be absent. As
we will show below, these six coefficients can be directly
extracted from catalogs of galaxies, by averaging over
pairs of galaxies with an appropriate weighting. A de-
tection of a non-zero ξ2M``′ would represent a smoking gun
for the presence of anisotropies in the galaxies peculiar
velocities. Note that the dependence of the ξ2M``′ on the
model responsible for the anisotropies is encoded in the
CΩ` (z, x) and in the eigenvectors ωˆI and eigenvalues λI .
In the following, we construct estimators for the six non-
zero coefficients ξ and we forecast the detectability of
these coefficients with future surveys.
IV. FORECAST FOR LSS SURVEYS
We now forecast the constraints on the anisotropy pa-
rameters – which we define later – as expected from fu-
ture redshift surveys. In the next section we define our
estimators for the BipoSH coefficients and compute their
covariance matrix.
A. Estimator & covariance
To estimate the expansion coefficients the obvious
choice is to weight the correlation function by X2M``′ , in
the same way that we weight the two-point function by
the Legendre polynomials P` to estimate the multipoles.
In a binned survey the estimator is
ξˆ 2M``′ (x) = aN
∑
i,j
∆i∆jX2M∗``′ (xˆij , nˆij)δK(xij−x) , (49)
where δK is the Kronecker delta, ∆i the galaxy over-
density in the bin labelled by the index i and we have
defined xij = xi − xj , nij = 1/2(xi + xj). The normali-
sation factor aN is found by imposing that the estimator
is unbiased, 〈
ξˆ 2M``′
〉
= ξ 2M``′ , (50)
in the continuous limit∑
i
→ 1
L3p
∫
d3xi , δK(xij−x)→ LpδD(xij−x) , (51)
where Lp denotes the pixel size and V is the total volume
of the survey. We obtain
aN =
3L5p
V x2
. (52)
We also have aN = 1/N(x), where N(x) is the number
of pixels which contribute to the estimator. The variance
of the estimator is defined as
var
(
ξˆ 2M``′
)
≡ varM``′ =
〈(
ξˆ 2M``′
)2〉
−
〈
ξˆ 2M``′
〉2
, (53)
and we recall that 〈∆i∆j〉 contains a Poisson noise con-
tribution and a cosmic variance (CV) contribution,
〈∆i∆j〉 = 1
dn¯
δij + C∆ij , (54)
where dn¯ is the mean number of galaxies per pixel. The
correlation C∆ij is due both to the scalar and vector parts
of ∆. However, the scalar component strongly domi-
nates over the vector one, so that we can neglect the
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FIG. 1. Constraints on amplitudes of anisotropies for the model (A). We have rescaled the parameters λI as λ˜I ≡ AV λI .
Compare this with the amplitude of the isotropic vorticity power spectrum generated by shell crossing in the standard cold
dark matter scenario, where AV,iso ∼ 10−5, see e.g. Ref. [23].
latter. Physically, this reflects the fact that even though
the coefficients ξ2M``′ are constructed to remove the scalar
isotropic signal and to isolate the vector anisotropic sig-
nal, the covariance of these coefficients is still affected
(and dominated) by the scalar contribution. We then ob-
tain three different contributions to the variance which
are understood respectively as the Poisson term (P), the
mixed term (M) and the CV term (C). Explicitly, we find
varP (x, x′) =
6V
x2N2tot
δD(x− x′) , (55)
varM (x, x′) =
24
piNtot
∫
dk k2P (k, z¯)j`(kx)j`(kx′)
×
∑
w
cwβ
w
``′ , (56)
varC(x, x′) =
12
piV
∫
dk k2P 2(k, z¯)j`(kx)j`(kx′)
×
∑
σ
c˜σβ
σ
``′ , (57)
where Ntot is the total number of tracers in the catalog
and the indices w, σ take values w = 0, 2, 4 and σ =
0, 2, 4, 6, 8. The explicit form of the coefficients βσ``′ and
details on the derivation of the various contributions of
the variance can be found in appendix A, where we also
compute the covariance matrix of the estimator, defined
as
cov
(
ξˆ 2M1`1`′1
, ξˆ 2M2`2`′2
)
≡ covM1M2`1`′1`2`′2
=
〈
ξˆ 2M1`1`′1
ξˆ 2M2`2`′2
〉
−
〈
ξˆ 2M1`1`′1
〉〈
ξˆ 2M2`2`′2
〉
.
(58)
B. Fisher forcasts
We now want to forecast the constraints on the
anisotropic parameters from a survey. Given a model
for the anisotropy power spectrum, i.e. a parametriza-
tion for PΩ, we are left with the 5 degrees of freedom
(d.o.f.) of the symmetric traceless tensor ωij and an over-
all amplitude AV for the vector power spectrum, which
can be reabsorbed in a redefinition of ωij . Following our
decomposition in Eq. (11) we identify the d.o.f. as the
eigenvalues and eigenvectors of ωij . On the one hand the
eigenvalues are of zero-sum so that we can pick the first
two λ1, λ2 as independent and the third one is fixed to
−(λ1 + λ2). On the other hand we find it convenient
to parametrize the three orthonormal eigenvectors ωˆI in
terms of the three angles of an Euler-rotation which ro-
tates the canonical basis of R3 into the ωˆI ,
ωˆI ≡ R(α, β, γ) · eˆI , (59)
where eˆI are the three orthonormal vectors of R3 and
R(α, β, γ) is the rotation matrix with Euler angles α, β, γ.
Furthermore we can absorb the amplitude AV in the
eigenvalues by defining λ˜I = AV λI . In summary the
5 d.o.f. of the tensor ω¯ij and the overall amplitude AV
are encoded in our parameter space
θ = {λ˜1, λ˜2, α, β, γ} . (60)
The Fisher matrix is defined as
Fθθ′ ≡ 12
∂2χ2
∂θ∂θ′
=
∑
A,A′
∂〈ξˆA〉
∂θ
∣∣∣∣
f
cov−1AA′
∂〈ξˆ∗A′〉
∂θ′
∣∣∣∣
f
(61)
where, schematically, A = {`1, `′1,M1, xi, z1}, A′ =
{`2, `′2,M2, xj , z2}, and the derivatives are evaluated at
the fiducial model. The Fisher matrix contains therefore
a sum over the six non-zero coefficients which constitute
our data, over all pixels separations xi, xj and over all
bins of redshifts zi, zj . The covariance matrix properly
accounts for all correlations between these quantities, ex-
cept for the correlations between different redshift bins
9zi 6= zj , which we assume to be uncorrelated, since the
bin size that we consider is sufficiently large. We then
have
covAA′ = cov`1`′1`2`′2(xi, xj)δM1M2δz1z2 . (62)
We recall that, according to the Cramer-Rao inequality,
the Fisher matrix provides a lower bound on the marginal
parameter uncertainty σθ as
σθ >
√
(F−1)θθ . (63)
We start by constraining the parameters λ1, λ2. The
sub-matrix is then written
Fλ˜Aλ˜B =
∑
{zbin}
∑
i,j
∑
`1`′1`2`
′
2
∑
M
∂ξM`1`′1
(xi, z)
∂λ˜A
cov−1`1`′1`2`′2(xi, xj)
∂ξM∗`2`′2(xj , z)
∂λ˜B
=
∑
{zbin}
∑
i,j
∑
`1`′1`2`
′
2
5
4pi (2 + P2(δAB)) ξ˜`1`′1(xi, z)cov
−1
`1`′1`2`
′
2
(xi, xj)ξ˜∗`1`′1(xj , z) ,
(64)
where we have defined
ξ2M`1`′1 ≡ AV
∑
I
λIY
∗
2M (ωˆI)ξ˜`1`′1 , (65)
by explicitly writing the amplitude AV of PΩ out of the
CΩ` . We normalize this amplitude such that λmax ≡ 1.
The variables which determine the anisotropy are then
the amplitude AV , the ratio λ2/λ1 = λ2 and the three
angles (α, β, γ) which determine the orientation. For the
second equal sign of Eq. (64) we have performed the sum
over M using that
∂ξ2M`1`′1
∂λ˜A
= Y ∗2M (ωˆA)ξ˜`1`′1 − Y ∗2M (ωˆ3)ξ˜`1`′1 , (66)
together with the orthogonality properties of products
of spherical harmonics. We observe that the final result
does not depend on the fiducial values of the parameters
λ˜I since they enter linearly in the estimator ξˆ2M`1`2 . We also
note that we did not need to fix any fiducial direction ωˆI
since the dependence on ωˆI cancels out in the final result.
In appendix B we show that the off-diagonal blocks of
the full Fisher matrix (61) are vanishing, hence Fθθ′ has
a block diagonal structure
[Fθθ′ ] =
[
FλAλB 0
0 Fαβγ
]
. (67)
As a consequence of the block structure of the Fisher
matrix, it follows that the constraints on the amplitudes
λI can be derived directly with Eq. (64). In particular,
they do not depend on the fiducial values of the eigen-
vectors ωˆI . This reflects the fact that the precision with
which we can measure the eigenvalues does not depend
on the direction of the anisotropy. The constraints on
directions, i.e. (σα, σβ , σγ), can be obtained by invert-
ing the lower block of the Fisher matrix. It turns out
that the constraints on each of the directions depend
on the fiducial values of both the eigenvalues and the
eigenvectors of ω¯ij . However, this direction dependence
is somewhat artificial, as we could have chosen our basis
directions differently. Instead of considering each direc-
tion independently, it makes more sense to compute the
volume of the ellipsoid described by the constrains on
(α, β, γ), using the Haar measure dµ = sin βdαdβdγ.
Note that with this non-normalized Haar measure, the
volume of the rotation group SO(3) is 2(2pi)2 ' 79. We
can think of this uncertainty volume as the inverse of
a ‘figure of merit’ for the average accuracy with which
we can recover the directional information. This com-
bined direction constraint has the great advantage that
it does not depend on the fiducial model for the direc-
tions, but only on the choice of the eigenvalues’ ratio
λA/λB and the vector amplitude AV . This remaining
dependence is physical and simply reflects the fact that
the precision with which we can measure the direction of
the anisotropy does obviously depend on how large it is.
C. A model for vector perturbations
To illustrate how our general formalism can be used,
we consider an explicit model in which a non-isotropic
vector contribution to the galaxy peculiar velocities
gives new contributions to the correlation function. We
derive constraints on the directions and amplitudes
of anisotropies for both a Euclid-like and SKA2-like
survey. The specifications for these surveys are taken
from [53] and [54] respectively: the two redshift ranges
are z ∈ [0.7, 2.0] for Euclid and z ∈ [0.1, 2.0] for SKA2
and we split them into 14 and 19 bins of thickness
∆z = 0.1 respectively, with Lp = 2Mpc/h. This choice
of Lp is motivated by the fact that this pixel size gives
the best constraints in [25]. Note that in the isotropic
case, exploiting separations as small as 2Mpc/h does
require a good understanding of the scalar non-linear
signal at those scales, which is highly non-trivial. In
the anisotropic case however, since the scalar part does
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FIG. 2. Volume of the 1σ (solid) and 3σ (dashed) ellipsoids in the α− β − γ space as a function of the ratio between the λA
and λB . The anisotropic amplitude is set to AV = 10−5. The constraint should be compared to the the cube root of the Haar
volume 3
√
79 ∼ 4.
not contribute to the estimators ξˆ 2M``′ , but only to the
covariance, we can exploit very small separations even
without a very precise modelling of the scalar behaviour
at those scales. As maximum separation we choose 40
Mpc/h.
Until this point our formalism has been model inde-
pendent but, clearly, to forecast the detectability of the
anisotropy parameters we have to assume a shape for
PΩ(k). As an example we choose the isotropic vortic-
ity power spectrum from N-body simulations while we
note that, as we have stated before, the isotropic and
anisotropic PΩ can in principle be different.
According to the numerical simulations of Ref. [23,
24], the vorticity power spectrum appears to evolve as
H(z)2f(z)2D1(z)7 at large scales. At small scales, the
evolution has an additional scale-dependence, leading to
a suppression of power at small scales at late times, see
Fig. 4 of [23]. In the following we will ignore this small-
scale dependence and assume that the power spectrum
at redshift z is given by3
PΩ(k, z) = PΩ(k, z = 0)
( H(z)f(z)
H0f(z = 0)
)2(
D1(z)
D1(z = 0)
)7
.
We use the vorticity power spectrum plotted in Fig. 4
of [23] to construct the following fit for PΩ,
PΩ(k, z = 0) = AV
(k/k∗)n`
[1 + (k/k∗)]n`+ns
(
Mpc/h)3 , (68)
where the power at large scales is given by n` = 1.3,
the power at small scales by ns = 4.3 and the transition
scale by k∗ = 0.7h/Mpc. From Fig. 4 of [23] we find
3 Note that the constraints obtained in this way are conservative,
because we underestimate the vorticity power spectrum at small
scales for large redshift.
that the predicted amplitude for PΩ is AV = 10−5.
In Fig. 1 we use this spectrum to estimate the con-
straints on the eigenvalues λ˜1,2. Note that there is no
dependence on the fiducial values of the parameters λ˜I
since they enter linearly in the estimator ξˆ2M`1`2 . Further-
more the constraints do not depend on the orientation of
the eigenvectors due to the block diagonal structure of
the Fisher matrix. The 1σ-constraints on the amplitude
of the eigenvalues are σλ ' 6×10−6 with Euclid and even
σλ ' 1 × 10−7 with SKA2. It is also interesting to note
that the constraints are better if both eigenvalues have
the same sign. This is of course owing to the fact that
then the norm of the third eigenvalue is larger. With the
SKA and optimistic assumptions we should therefore be
able to constrain an anisotropic vector signal with am-
plitude of 1% of the amplitude of the vorticity generated
by shell-crossing in cold dark matter AV,isoV ∼ 10−5 [23].
In Fig. 2 we show the volume of the ellipsoid described
by the constraints on (α, β, γ). As we discussed above
the constraint does not depend on the fiducial directions
but it depends on the fiducial values of λ˜1,2 or, equiva-
lently, on the choice of AV and the ratio λ1/λ2. In the
plot we fix the biggest eigenvalue to λmax = AV = 10−5.
The features in the plot can be explained intuitively as
follows. We first note that the constraint asymptotes to a
constant for λ1/λ2 > 1: this is a result of two concurrent
effects. On one hand, as we keep the largest eigenvalue,
λ1, fixed, the other, λ2, becomes smaller, reducing the
overall signature of the anisotropy. On the other hand, as
the ratio increases, the departure from isotropy is more
pronounced yielding better constraints. Note that we
could have fixed the smallest eigenvalue equal to AV :
in this case as the ratio becomes bigger the overall sig-
nature of anisotropy increases and the two effects add
up to give better constraints. Secondly the constraints
are worst for λ1/λ2 = 1 or −1/2. In both cases this is
because we approach a degeneracy: λ1 = λ2 or λ1 = λ3
11
respectively. Note that the constraints are slightly better
in λ1 = λ2 w.r.t. the second case as the overall ampli-
tude is bigger in this case. The absolute values of the
volume show that Euclid constrains the direction of the
anisotropy only loosely, while the constraints from SKA2
are excellent, for our choice of amplitude AV = 10−5.
Note that the constraint on the volume scales as A3V ,
so that decreasing AV by an order of magnitude would
degrade the bounds in Fig. 2 by a factor 10.
V. CONCLUSIONS
In this paper we have discussed the effects of an
anisotropic vector component in the peculiar velocity
field, focusing on the redshift-space distortions induced
in the galaxy correlation function. We have presented a
general method to isolate the anisotropic signal through
a decomposition in bipolar spherical harmonics. We pro-
vide an analytical expression for the coefficients of this
expansion which does not require the adoption of a spe-
cific model. We then show how one can practically use
this approach to forecast constraints on the anisotropic
sector for two upcoming redshift surveys.
We derive two types of constraints, both on the total
amplitude of the anisotropy and on the preferred direc-
tion (in terms of the SO(3) volume of its Euler angles).
We can compare our results with the constraints found
in [25] for the isotropic case which of course has no pre-
ferred direction. Given the block-diagonal form of the
Fisher matrix, we find that we are able to achieve similar
constraints on the amplitude of the vector modes (since
we also assume the same shape for the spectrum). Let us
however note that even though the constraints are simi-
lar, the interpretation of the result in the anisotropic case
is cleaner, since in this case the scalar degrees of freedom
do not contribute to the estimators and therefore they
do not need to be accurately modelled.
This work is meant as a study of the feasibility of de-
tecting an anisotropic vector signal in the galaxy two-
point function and together with the analysis carried out
in [25], it represents a comprehensive study of the de-
tectability of vector modes in the correlation function.
Given a model for the anisotropy, one needs to de-
termine not only the eigenvalues and the directions of
its eigenvectors, but also the corresponding vector power
spectrum. Here we just assumed this to be given by
the vorticity spectrum generated by non-linear struc-
ture formation. This corresponds to a model where an
anisotropy only affects the direction but not the strength
of the generated vorticity, which is of course not true in
general. In full generality the power spectrum could be
reconstructed from the data as a function of multipole
and redshift, at the price of much larger error bars.
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Appendix A: Covariance matrix
The variance of the estimator ξ2M``′ is given by
var
(
ξˆ 2M``′
)
= a2N
∑
ij
∑
km
〈∆i∆j∆k∆m〉X2M``′ (xˆij , nˆij)X2M∗``′ (xˆkm, nˆkm)δK(xij − x)δK(xkm − x′)
= varP + varM + varC .
(A1)
Since 〈∆i∆j〉 contains a Poisson noise contributions and a cosmic variance (CV) contribution
〈∆i∆j〉 = 1
dn¯
δij + C∆ij , (A2)
where dn¯ is the mean number of galaxies per pixel, the three different contributions to the variance are understood
respectively as the Poisson term, the mixed term and the CV term. The first terms is easily found
varP (x, x′) =
18L10p
V 2(xx′)2
1
dn¯2
∑
ij
∑
km
δikδjmX
2M
``′ (xˆij , nˆij)X2M∗``′ (xˆkm, nˆkm)δK(xij − x)δK(xkm − x′)
= 6V
x2N2tot
δD(x− x′) ,
(A3)
where we have set the factor (1 + (−1)`) = 2 as only even ` appear in the expansion. The mixed term is
varM (x, x′) =
18L10p
V 2(xx′)2
1
dn¯
∑
ij
∑
km
(
δikC
∆
jm + δjmC∆ik
)
X2M``′ (xˆij , nˆij)X2M∗``′ (xˆkm, nˆkm)δK(xij − x)δK(xkm − x′)
=
18L10p
V 2(xx′)2
2
dn¯
∑
ij
∑
m
C∆jmX
2M
``′ (xˆij , nˆij)X2M∗``′ (xˆim, nˆim)δK(xij − x)δK(xim − x′) .
We use the flat-sky expression for C∆ij
C∆ij (z¯) =
1
(2pi)3
∫
d3k eik·(xj−xi)P (k, z¯)
(
c0P0(nˆ · kˆ) + c2P2(nˆ · kˆ) + c4P4(nˆ · kˆ)
)
, (A4)
and we perform (in the continuous limit) the following change of variables yj = xj − xi, ym = xm − xi together with
xi = n. We obtain
varM (x, x′) =
24
piNtot
∫
dk k2P (k, z¯)j`(kx)j`(kx′)
(
c0β
0
``′ + c2β2``′ + c4β4``′
)
, (A5)
where we have defined the coefficients
βσ``′ = (2`+ 1)(2`′ + 1)
(
σ ` `
0 0 0
)(
σ `′ `′
0 0 0
){
`′ ` 2
` `′ σ
}
. (A6)
Finally the CV term is given by
varC(x, x′) =
18L10p
V 2(xx′)2
∑
ij
∑
km
C∆jmC
∆
ikX
2M
``′ (xˆij , nˆij)X2M∗``′ (xˆkm, nˆkm)δK(xij − x)δK(xkm − x′) , (A7)
we can perform a similar change of variable as above yj = xj −xi, ym = xm−xk so that, after substituting Eq. (A4)
twice, the two exponentials are written
eik·(xm−xj)eik
′·(xk−xi) → eik·(ym−yj)ei(k+k′)·(xk−xi) , (A8)
and the integral over xk enforces k = −k′. The angular integrals are performed with the properties of BiPoSH as
before and we obtain
varC(x, x′) =
12
piV
∫
dk k2P 2(k, z¯)j`(kx)j`(kx′)
∑
σ
c˜σβ
σ
``′ , (A9)
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where
c˜0 = c20 +
c22
5 +
c24
9 , (A10)
c˜2 =
2
7c2(7c0 + c2) +
4
7c2c4 +
100
693c
2
4 , (A11)
c˜4 =
18
35c
2
2 + 2c0c4 +
40
77c2c4 +
162
1001c
2
4 , (A12)
c˜6 =
10
99c4(9c2 + 2c4) , (A13)
c˜8 =
490
1287c
2
4 . (A14)
The computation for the off-diagonal covariance matrix, defined in Eq. (58), follows the same steps with the ex-
ception that Poisson noise does not contribute for off-diagonal components as it is proportional to δ`1`2δ`′1`′2δM1M2 .
Furthermore the mixed and Cosmic contributions are proportional to δM1M2 and the general case is obtained from
Eqs. (A5) and (A9) by substituting the product of spherical Bessel functions inside the integral with j`1(x)j`2(x′) and
redefining the β coefficients as
βσ`1`′1`2`′2 = i
`2−`1
√
(2`1 + 1)(2`′1 + 1)(2`2 + 1)(2`′2 + 1)
(
σ `1 `2
0 0 0
)(
σ `′1 `
′
2
0 0 0
){
`′1 `1 2
`2 `
′
2 σ
}
. (A15)
Appendix B: Fisher matrix
In this appendix we sketch a proof of why the off-diagonal blocks of the Fisher matrix (67) vanish, i.e. FλA,αi = 0.
We have
FλA,αi =
∑
{zbin}
∑
i,j
∑
`1`′1`2`
′
2
∑
M
∂ξM`1`′1
(xi, z)
∂λA
cov−1`1`′1`2`′2(xi, xj)
∂ξM∗`2`′2(xj , z)
∂αi
(B1)
=
∑
M
(Y ∗2M (ωˆA)− Y ∗2M (ωˆ3))
∂
∂αi
(∑
I
λIY2M (ωˆI)
) ∑
{zbin}
∑
i,j
∑
`1`′1`2`
′
2
ξ˜M`1`′1(xi, z)cov
−1
`1`′1`2`
′
2
(xi, xj)ξ˜M∗`1`′1(xj , z) ,
with
∂
∂αi
(∑
I
λIY2M (ωˆI)
)
=
∑
I
λI
(
∂θI
∂αi
∂
∂θI
+ ∂φI
∂αi
∂
∂φI
)
Y2M (θI , φI) , (B2)
and (θI , φI) are the polar angles defining the directions of ωˆI . We recall that
∂θY2M (θ, φ) = − (∂¯ + ∂¯
∗)
2 Y2M (θ, φ) = −
√
6
2 ( 1Y2M (θ, φ)− −1Y2M (θ, φ)) ,
∂φY2M (θ, φ) = i sin θ
(∂¯ − ∂¯∗)
2 Y2M (θ, φ) = i sin θ
√
6
2 ( 1Y2M (θ, φ) + −1Y2M (θ, φ)) , (B3)
For definiteness, let us consider the case λA = λ1 and αi = α in Eq. (B1). One has
Fλ1,α = i
√
6
2
∑
M
(Y ∗2M (ωˆ1)− Y ∗2M (ωˆ3))
∑
I
λI sin θI (1Y2M (ωˆI) + −1Y2M (ωˆI)) [. . . ] , (B4)
where the [. . . ] represents the part of the Fisher matrix (B1) which does not depend on ωˆI . We recall√
4pi
2`+ 1
∑
m′
mY`m′(θ1, φ1) sY ∗`m′(θ2, φ2) = sY ∗`−m(β, α)eisγ , (B5)
where here (α, β, γ) are the Euler angles of the rotation rotating the direction (θ2, φ2) in (θ1, φ1) and not the angles
defined in Eq. (59). In Eq. (B4) the products is between two harmonics evaluated either at the same directions or
14
at orthogonal directions. In our case we have ` = 2, s = 0 and m = 1. Furthermore (β, α, γ) denotes a rotation by
either 0 or pi/2 since either ωˆ1 = ωˆ2 or they enclose and angle of pi/2. In other words, R(β, α, γ)e3 = ±eI where
I ∈ {1, 2, 3} and Y`m(β, α) = Y`m(R−1(β, α, γ)e3) = Y`m(±eI), see [55]. The Euler angle γ is irrelevant here since a
rotation around ez leaves ez invariant. But for the cartesian axes eI , ϑ is either 0 or pi/2 and Y21(ϑ, ϕ) ∝ sinϑ cosϑ
vanishes. This completes the proof that the off-diagonal boxes in the Fisher matrix vanish.
Appendix C: ξ2M``′
The explicit expressions for the real-space version of Eqs. (43)-(45) are given by
ξ
2M(a)
``′ = −
16pi3/2
45 C
Ω
` (z, x)
∑
I
λIY
∗
2M (ωˆI)
(
δ`,0δ`′,2 + 2
√
2`′ + 1
5
(
2 2 `′
0 0 0
)
δ`,2
)
, (C1)
ξ
2M(b)
``′ =−
16pi3/2
5 C
Ω
` (z, x)
√
(2`+ 1)(2`′ + 1)
√
2
15
∑
I
λIY
∗
2M (ωˆI)
×
[
2
(
3 1 `
0 0 0
)(
3 1 `′
0 0 0
){
1 2 1
` 3 `′
}
+ 3
(
1 1 `
0 0 0
)(
1 1 `′
0 0 0
){
1 2 1
` 1 `′
}]
,
(C2)
ξ
2M(c)
``′ =−
16pi3/2
15 C
Ω
` (z, x)
∑
I
λIY
∗
2M (ωˆI)
[
1
5δ`,2δ`
′,0 +
8
105
√
2`+ 1
(
4 2 `
0 0 0
)
δ`′,4
+ 4
7
√
5
√
2`+ 1
(
2 2 `
0 0 0
)
δ`′,2
]
.
(C3)
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